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Abstract. Using Green's hyperplane restriction theorem, we prove that the rank of a 
Hermitian form on the space of holomorphic polynomials can be bounded by a constant 
depending only on the maximum rank of the form restricted to afhne manifolds. As an 
application we prove a rigidity theorem for CR mappings between hyperquadrics in the 
spirit of the results of Baouendi-Huang and Baouendi-Ebenfelt-Huang. If we have a real- 
analytic CR mapping of a hyperquadric not equivalent to a sphere to another hyperquadric 
Q{A,B), then cither the image of the mapping is contained in a complex afhne subspace 
or A is bounded by a constant depending only on B. Finally, we prove a stability result 
about existence of nontrivial CR mappings of hyperquadrics. That is, as long as both A and 
B are sufficiently large and comparable, then there exist CR mappings whose image is not 
contained in a hyperplane. The rigidity result also extends when mapping to hyperquadrics 
in infinite dimensional Hilbert-space. 



A real-valued polynomial, or a real-analytic function, r{z, z) on C" can be regarded as a 
Hermitian form by considering the matrix of coefficients of the series. That is, in multi-index 
notation, write 



The matrix C = [ca/s]^^ is Hermitian symmetric if and only if r is real- valued {C is uniquely 
determined by r). 

When we apply linear algebra terminology (such as rank, eigenvalues, signature, or positive 
semidefinite) to r, we simply refer to the underlying matrix C. When r is a polynomial, 
the terminology is obvious. When r is real-analytic, then C is an infinite matrix. After 
possibly rescaling so that the series converges in a neighborhood of the closed unit polydisc, 
C defines a Hermitian trace-class operator, and the terminology easily extends to the real- 
analytic case; see section [5j While the matrix depends on the point where we expand the 
series, we show that the rank does not change under a biholomorphic change of coordinates. 
In particular the rank does not depend on the point where we expand the series. 

In order to state the first result, we need to define what we mean by the rank of the 
restriction to an affine manifold. The Grassmannian G{m,n) is the manifold of all Tri- 
dimensional linear subspaces of C", and the affine Grassmannian Gra,n is the manifold of all 
affine m-dimensional subspaces in C". Notice that Gm,n is an open set in G{m + l,n + 1). 

Let U C C" be a convex neighborhood of the origin, and define U* := {z : z E U}. 
Suppose that the series ([T]) converges in f/ x U*. Let L be an affine m-plane in (i.e. an 
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element of Gm,n)- Let E: C™ — )■ C" be an affine embedding of L in C". If L intersects U, 
then define 

rankrl^, := rankr o (2) 

It is not hard to show that the rank does not depend on the particular embedding E, and 
therefore the notation makes sense. Furthermore as U is convex U H L is always connected. 
If L does not intersect U, then define 

rankr|L := —oo. (3) 

Let No = NU {0}. 

Theorem 1.1. Let n > 2 and let 1 < m < n — 1. Let r{z,z) be a real-analytic function 
defined in a convex neighborhood f/ C C" o/ the origin such that the complexified series 
converges in U x U* . If 

sup rankrli < oo, (4) 

then rankr < oo. 

Moreover, there exists a function Rm,n : No — t- No such that for any such real-analytic r, 



rankr < Rm,n I max rankr|i j . (5) 

It is worthwhile to state the theorem for bihomogeneous polynomials. A polynomial r(z, z) 
is said to be bihomogeneous of bidegree {d,d) if r{tz,z) = r{z,tz) = t'^r{z,z). When r is a 
polynomial then the coefficient matrix is simply a finite matrix. The function Rm,n in the 
following theorem is the same as above. 

Theorem 1.2. Let n > 2, z E C""*"^, and 1 < m < n — 1. Then there exists a function 
Rm,n- No — )■ No such that for any bihomogeneous polynomial r{z, z), 



rankr < Rmn I max rankrl/, . (6) 

' ' LeG(m+l,n+l) 



As an application of Theorem 1.1 , we prove a rigidity result for mappings of hyperquadrics. 
The hyperquadric Q{a, b) C C""'"'' is the set defined by 

a a+b 

Q{a,b):=[z:J2\^,f- \z,f = l}. (7) 

j=l j=a+l 

When 6 = 0, then Q{a,0) is simply the sphere. Hyperquadrics and spheres are the CR 
analogues of fiat euclidean space from Riemannian geometry. In CR geometry, however, 
there is no analogue of the Nash embedding theorem. Therefore, a natural question in CR 
geometry is to study the CR mappings f : U ^ Q{A,B) for a CR manifold U. In this 
paper we take an open subset U C Q{a,b). We study hyperquadrics Q{a,b) that are not 
equivalent to the sphere. By a theorem of Lewy [l6] a CR function on Q{a, b) extends to a 
holomorphic function of both sides of Q{a, b). It is therefore enough to consider real-analytic 
CR mappings or in other words, restrictions of holomorphic mappings. Therefore we study 
holomorphic mappings of a neig hborhood of U in C''+^ to C^+-^ that take U C Q{a,b) to 
Q{A,B). See the books [2|[5] for more background information. 

When considering mappings between hyperquadrics, we need to consider problems of 
positivity rather than just rank. See Isllo] for more on positivity conditions. 
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After a linear fractional change of coordinates we can assume that a > b and A > B. It is 
possible that the change of coordinates has a pole on U, but as Q{a, b) is a real hypersurface, 
there still has to exist a perhaps smaller dense open set V C U such that f : V ^ Qi^, B) 
is a CR mapping. 

The study of CR mappings between spheres has a long history. When the target is also a 
sphere [B = 0) and the codimension A — a is small, then certain strong rigidity results can 
be proved; see for example |13| and the references within. Forstneric proved that sufficiently 
smooth CR mappings of spheres must be rational of degree bounded by a constant depending 



only on the dimensions involved 10 



When the target dimension is large, there is less rigidity. When both the source and target 
are spheres, increasing the dimension of the target always adds new CR mappings as long as 
the dimension is large enough; see [6]. Furthermore, if the source is a sphere and the target 
is a hyperquadric not equivalent to a sphere, then for large target dimension not only do we 
always get new mappings, but we get new rational mappings of arbitrarily large degree; see 

III- 

We therefore concentrate on the case when b,B > 1. Baouendi and Huang |;4| proved that 
a b = B, then / must be a linear embedding. Later, Baouendi, Ebenfelt, and Huang [s] 
proved that if i? < 26 — 1, then after a change of coordinates / can be written as 

(^1, . . . , 2„) H- (Zi, . . . , Za, Ipiz), 0, Za+1, Za+b, 1p{z), 0), (8) 

where an arbitrary CR mapping ip and are vector valued functions with the right number 
of components. In particular, unless a = A and b = B, f{U) is contained in a complex 
hyperplane. The mapping (|8| can be written, after an affine change of coordinates, as 
the identity mapping direct sum an arbitrary CR mapping going into a lower dimensional 
ambient space. 

For any mapping / of hyperquadrics, if f{U) lies in a complex hyperplane, then we apply 
an affine change of coordinates and obtain a mapping / from U to Q{A', B') x C'^ for some 
A' < A and B' < B. We can study the first A' + B' components of / as a mapping from 
Q{a, b) to Q{A' , B'), as the last k components of / are arbitrary. Therefore, it is natural to 
study those mappings where f{U) is not contained in a hyperplane. 

Theorem 1.3. Let a > b > 1, U C Q{a,b) be a connected open set, and f:U^ Q{A,B) 
be a real-analytic CR mapping such that f{U) does not lie in a complex hyperplane, then 

A<N{a,b,B), (9) 

where N = N{a, b, B) is a constant depending only on a, b and B. 

Note that the hypotheses on Q{a,b) mean that Q{a,b) is not equivalent to a sphere. If 
Q{a, b) were equivalent to a sphere, there is no rigidity. In this sense, the theorem is optimal. 

We are interested in what happens when B > 2b — 1. In this situation, there do exist 
nontrivial mappings that do not map to a hyperplane. See sections |8] and |9] for a general 
method of constructing mappings. 

The bound that we obtain on A is not sharp. For example when a = 2 and 6 = 1, it is 
possible to use the method in this paper to obtain an explicit bound 

A < K.^siB + 1) = K^iK^iB + 1)). (10) 
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See section [3] for the definition of Kn{k). When B = 1 we obtain A < 3, though we know 
that A = 2 hj the result of Baouendi-Huang. Therefore, we dispense with finding exphcit 
formulas for N{a, b, B). 

Unlike in the sphere to sphere case, there do exist non-rational mappings, and rational 
mappings of arbitrarily high degree. In Section |9] we prove a stability result about existence 
of hyperquadric mappings that do not map into hyperplanes as long as both A and B are 
sufficiently large and comparable. The proof is constructive and all constructed mappings 
are monomial; that is, all components are single monomials. 



The stability result discussed above shows that Theorem |1.3| is optimal in the sense that 
super-rigidity as studied by Baouendi-Huang and Baouendi-Ebenfelt-Huang only appears in 
small codimension. In general the best constant must grow asymptotically at least as a 
linear function of B. The methods explored in this paper do not readily give the best bound 
for as we have mentioned above, but we do obtain that asymptotically grows no faster 
than a polynomial in B. 

Finally, we also note that the rigidity result extends when the target is an infinite dimen- 
sional hyperquadric (5(oo, S), where S G No U {00}; see Section [7j Lempert [15j shows that 
any strictly pseudoconvex real-analytic compact hypersurface can be mapped into a sphere 
in a possibly infinite dimensional Hilbert space. We show that if Q{a,b) is not equivalent to 
a sphere, then for a CR mapping Q{a, b) — )■ Q{oo, B) where the image is not contained in a 
hyperplane we must have B = 00. However, we also construct mappings whose image is not 
contained in a hyperplane from an M C C" with an indefinite nondegenerate Levi-form to 
Q{oo, B) for finite B. 

The authors would like to acknowledge John D'Angelo for many useful conversations on 
the subject and suggestions relating to this project. The second author would also like to 
thank Peter Ebenfelt for useful discussions on this subject. Finally the authors would like to 
acknowledge MSRI and AIM for holding workshops on the subject of CR complexity, which 
the authors attended and which led to the present project. 



2. The basic setup 

We begin by recalling the relevant definitions and proving some basic results about restric- 
tions of real- valued polynomials. Let (■, ■) denote the standard Hermitian inner product. Let 
A be a Hermitian symmetric matrix, then we call {Az, z) a Hermitian form where z G C""*"^. 

Let 

Z„,,:C"+1^C("^') (11) 

be the mapping whose components are all the degree d monomials in n + 1 variables 
Zo, • • • , Zn- That is, Zn^^ is the mapping given by 

z^{zizi-\,,...,zt). (12) 

The mapping is called the Veronese mapping in n + 1 variables of degree d. 

Definition 2.1. Let L be an (m -|- l)-dimensional subspace of C"'^^. Let El be a linear 
embedding of L into C"^"*"^. Define S'ji;^ to be the linear mapping that makes the following 
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diagram commute: 



Z 



tn , d 



(13) 



ccr) Jk^ c("^'). 

Define Tj^ to be the matrix associated to the hnear mapping 5*1;^, then 

o El = T^,2^,d (14) 
We often abbreviate for Tj^ when the particular choice of embedding is not cruciaL 

Note that T| is not unique; it depends on the particular embedding El- However if we 
have El and El two embeddings of L then we have = ipoTp^ where ip is an isomorphism. 

Lemma 2.2. Let r[z,z) be a hihomogeneous polynomial defined for z G C"^^. If cf) is a 
linear change of coordinates of C"""^^ , then 

rank r o = rank r. (15) 



Proof. We prove a more general fact in Lemma 5.2 □ 



The lemma shows that rank of rj^;^ does not depend on the choice of embedding El- We 
state this observation in the following lemma. 

Lemma 2.3. Let r{z, z) = {CZn^d, Zn^dj where C is a Hermitian matrix, and suppose n > 1. 
Let L be an (m + 1)- dimensional subspace o/C"^^. Let El and El be two embeddings of L 
into C"+^. Then 

rank T^^CTe^ = rank T^^CTp^ . (16) 

Definition 2.4. Let denote the hyperplane in C""^^ given by the following defining 
equation: 

Zq = CiZi H h CnZn, (17) 

where c = (ci, C2, . . . , c„). We embed Hs using Ehs{zi, . . . , z„) = {Y17=i ^i^i^ zi,---,Zn)- 
We abbreviate the notation for the restriction matrix T^^ by T^- 

The restriction matrix Ti is of size ("+'^) x ("+;J~^). 

To study the maximum rank of restrictions of bihomogeneous polynomials to hyperplanes, 
it suffices to study the hyperplanes of the form H^- 

Lemma 2.5. Let r{z,z) be a bihomogeneous polynomial defined for z G C"^"*^ and suppose 
> 1. Then 

max rankr|f7 = max rankrlw-^, (18) 

H ' C6C" ' " ^ ' 

where H ranges over all complex hyperplanes through the origin. 

Proof. The set of hyperplanes of the form is dense in the Grassmannian G{n,n + 1). 
The rank of the restriction being bounded by a fixed integer is a holomorphic condition. 
Therefore rankrjj^ achieves the maximum on an open dense set in G{n,n + 1), and the 
conclusion follows. □ 
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3. Green's Restriction Theorem 



The main technical tool in this paper is Green's hyperplane restriction theorem from 12 



We begin this section by recalling Macaulay representations and their basic properties. Then 
we give a precise statement of Green's theorem and translate the result into the language of 
this paper. 

Given a non-negative integer c and a positive integer then c can be uniquely expressed 
in the following form: 

*^vf>-,V-+P:'V (19) 



d J \d — 1^ 

where < /ci < /c2 < ■ ■ ■ < /c^. This expression is known as the d-ih Macaulay representation 



of c. Following 12 , we introduce the following notation: 



where we define (^) = for a < b. Notice that ■<d> is monotone increasing. 

Theorem 3.1 (Green [l2]). Let E be a linear system in H^{CF"^^,0{d)) and Eh be the 
restriction of E to a general hyperplane H G G{n,n + 1). If c is the codimension of E in 
i/0(CP",C(rf)) and ch is the codimension of Eh m i^°(CP"-^ C(c/)), then 

ch < c<d>. (21) 

We seek a bound of the dimension of E in terms of the generic dimension of the restriction. 
Thus we restate the result in this way. First we restate the theorem in terms of matrices. If 
E is a linear system in if°(CP", 0{d)) then we can write: E = spanjsi, S2, ■ ■ ■ , s^} where 
Si G if°(CP"', 0{d)). Since each Sj is a degree d homogeneous polynomial in zq, zi, . . . , Zn, 
then we can rewrite as Sj = AiZn^d where we think of each Ai as a vector of the right 
dimension. Then we have rankE' = rank A where A is the matrix whose rows are A^. 

If we restrict E to a. hyperplane H we obtain 

E\h = Span{si\H,S2\H, ■ ■ ■,Sm\H}- (22) 

Then Siln^ = AiT^Zn-i,d, and therefore 

lank E\h, = rank AT|. (23) 

If we refer to a generic choice of H then equivalently, we refer to a generic set of q's, where 
we have: rankc E\Hg = rankc[ci,...,c„] ^Ti. That is, the rank of E\Hg over C is equal to the 
rank of ATi over the polynomial ring C[ci, . . . , c„]. 

Green's theorem can now be restated as follows: Let A be any matrix of size m x ("'^'^) , 

and = rankc A. Recall the matrix T| is of size ("+'^) x (""]+'^) . Let k = rankc[ci,...,c„] ATi. 
Then we have the following relationship: 

G{n, d,N)<k (24) 

where 

G(n,i.N)=("^'-')-(("Y)-^) . (25) 



\ /VV'^/ / <d> 

In the following lemma, we show that the lower bound G is constant in degree. 
Lemma 3.2. If N < ("+'^) , d>l, andn>2, then G{n, d, N) = G{n, d+l,N). 
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Proof. The lemma follows immediately from 



n + d+1 
d + 1 



-N 



J <c!+l> 



n + d — 1 
d + l 



n + d 
d 



N . (26) 

- <d> 

□ 



By the lemma, we know that G is constant in degree when it is defined. We also have 
G is monotone in and G{n,d, ("^'^)) = hence the following bound is finite and 

well-defined for fixed k. 

Definition 3.3. Fix n and k. Define 

Kn{k) := max |a/'o G No : G{n, d, Nq) < k, where d is such that A^o < ('^ ^ ^) }• (2^) 

Remark 3.4. The function Kn{k) gives the sharp dimension bound from Green's theorem. 
The bound is achieved by restricting all the monomials in n variables of degree d. In two 
dimensions, K2{k) has a particularly simple form: 

One can show that Kn{k) < M^hil^ i^^^ ^j-^jg bound is not sharp in general. 

The version of Green's theorem that we use in this paper is recorded in the following 
lemma. The important point is that the bound Kn{k) does not depend on the degree d. 

Lemma 3.5. Let n>2. If AZn^ is a linear system in H^{CF^,0{d)) with rank N and k 
is the rank of the restriction to a general hyperplane; namely, k = rankc[ci,...,c„] ^T^, then 

N < Kn{k). (29) 

The lemma gives an upper bound for that is independent of d for fixed k and n > 2. 
No such upper bound is possible if n = 1. 

4. Restrictions of Hermitian forms 



In this section, we prove Theorem |1.2[ To illustrate the main idea of the proof we prove 
a weaker version of the main result for hyperplanes. 

Lemma 4.1. Let r{z,z) be a real-valued bihomogeneous polynomial defined for z G C"^"^, 
and suppose n>2. Then there exists a function Rn- — )■ Nq such that 

rankr < i?„ (max rankrl^:/) , (30) 



V H 

where H ranges over all complex hyperplanes through the origin. 

Proof. Suppose r is a nonzero bihomogeneous polynomial of bidegree {d,d). We write 
r{z,z) = {GZn4,Zn,d), where C is the coefficient matrix. Restricting r to a hyperplane 
H, we have 

r\H{z,z) = {T^CTHZn-i^d,2„,-i^d)- (31) 
Let k = maxH rankrlH = max^^ rank T^CT// where H ranges over all complex hyperplanes. 



then by Lemma 2.5 



k = max rankr I = max rank {TiyGTi > rankc[5i,...,c-„,ci,...,c„] {TiyGTi. (32) 

cSC" c 
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The strategy is to polarize and use Lemma 3.5 twice. 



3.5 



we have 



Let D = CTi, m = rankc C, and let ki = rankc[ci,...,c„] D. By Lemma 

m < Knih). (33) 
For a generic choice of Ci, . . . , c„, we have 

ki = rankc D = rankc D* . (34) 
Likewise, polarizing and taking generic choices of ci, . . . , c„, we have 

rankc[e-,...,c-„,c„...,c„] (T|)*CT| = rankc[e„...,.„] D*Ti (35) 



Applying Lemma |3.5| again, we get 

ki < Kn{k). (36) 
Thus rankr < Kn{Kn{k)), and we have an upper bound for rankr that is independent 
of degree. We complete the proof by defining Rn{k) to be the maximum rankr for any 
bihomogeneous polynomial r with max rankr < k. □ 

Remark 4.2. In the proof of Lemma 4. If we proved that 

Rn{k)<K4Kn{k)). (37) 
In fact, we believe that Rn{k) = Kn{k). 



We are now ready to prove the main result. Theorem |L2[ For reader convenience we 
restate the theorem. 

Theorem. Let n > 2, z E C"^^, and 1 < m < n — 1. Then there exists a function 
Rm,n- ^0 ^0 such that for any bihomogeneous polynomial r{z, z), 



rankr < Rmn I max rankrU . (38) 

' \LeG(m+l,n+l) / 

Proof. Suppose r is a nonzero bihomogeneous polynomial of bidegree (rf, d). We again write 
r{z, z) = {CZn4, Zn,d)- After applying a linear change of coordinates we can assume without 
loss of generality that all L G G{m + l,n + 1) are given as 

z' = Vz", (39) 

for (z', z") E C""'" X C™""*"^ and V E M„_m,m+i is a matrix. Using the embedding z" i— 
{Vz", z") we obtain a restriction matrix T^. We notice that Ti depends holomorphically on 
the entries of V . 
We write 

r\L{zrz) = {TlCTLZm4,2m,cl)- (40) 

And again note that 

rankr|i = rank T^CT^ (41) 

If m = n — 1 we are done. We let Rn-i,n{k) = Rn{k). Otherwise, Tl is a composition 
Tl = TsTh where if is a hyperplane through the origin in S, where S* is an m + 2 dimensional 
plane through the origin in C"+^ As T£CTl = {ThTs)*CTsTh is of rank less than k, T*CTs 
is of rank less than Rm{k) by Lemma 4.1 The theorem follows by applying Lemma 4.1 n — m 



times. The function Rm,n{k) is then defined recursively by composition. □ 

We say a set £ C G{m + l,n + 1) is generic if £ is not contained in any proper complex 
algebraic subvariety of G{m + l,n + 1). That is, if no nontrivial polynomial vanishes on C 
With this terminology, we have the following corollary: 
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Corollary 4.3. Let r{z, z) he a positive semidefinite bihomogeneous polynomial defined for 
z G C"^^, n >2. Let 1 < m < n — 1. Then there exists a function K^n'- f^o ~^ such that 



rankr < K„ 



I max rankrli 



(42) 



where L C G(m + 1, n + 1) zs a generic subset. 



Note that r{z, z) > for all z G C"^^ is not enough to conclude that the matrix of 
coefficients is positive semidefinite. On the other hand, if the matrix is positive semidefinite, 
then r{z, ^) > is true for all z G C"+^ See §M for more on positivity conditions. 



Proof. The proof as before carries on after we make the following observation. Let r{z, z) = 
{C Zn^d, 2^n,d) ■ If C is positive semidefinite then we can write C = A* A. In the restriction: 



r\L{z,z) 



And again note that 

rankr I = rank T^CT^, 
Let k = maxig£ rankrj^. The condition 



rank ATl . 



(43) 



(44) 



rankATL<A; (45) 
is defined by the vanishing of certain polynomials in the entries of AT^. Defining L with 



a matrix V G Mn-m,m+i as in (39), we notice that as A is fixed, then (45) is defined by 



vanishing of certain polynomials in the entries of V. We know that (45) is true for all L G £ 



where C is not contained in any complex algebraic subvariety of G{m + 1, n + 1). The set of 
corresponding matrices V is not contained in any complex algebraic subvariety of Mn-m,m+i- 
Thus (45) holds for all V G M„_m,m+i, and so for all L G G{m + l,n + 1). 

The conclusion follows by applying Lemma 3.5 n — m times. The function Km,n{k) is then 



defined recursively by composition as in the proof of Theorem 1.2 



□ 



5. Real-analytic case 

We wish to decompose real-analytic functions as a difference of squared norms of Hilbert 
space valued holomorphic functions. This line of reasoning follows the ideas pioneered by 
D'Angelo |5|, although we introduce a rescaling that allows us to work with bounded oper- 
ators. 

First let us prove that the matrix of coefficients is a trace-class operator if a series converges 
in the right neighborhood. See the book jlj for more information on matrix operators on 
i^. Let Z = Zn = {. . . , z" , . . .) be the mapping of z G C" to the space of infinite sequences, 
where components of the mapping are all possible monomials. By using the geometric series 
we note that Z maps the unit polydisc A to 

Lemma 5.1. Let A C C" be the unit polydisc. Suppose that r{z, z) is a real- analytic function 
whose complexified power series converges in a neighborhood o/ A x A C C" x C". Then the 
matrix of coefficients of r defines a trace-class operator on i'^ . 

Proof. Write r as {CZ, Z) where C = [ca^jc^ is the matrix of coefficients. The hypothesis 
says that the interior of the domain of convergence includes the point z = (1, !,...,!). 
As the series converges absolutely at (1, 1, . . . , 1) we get \cai3\ < oo. A matrix whose 
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entries arc summable defines a compact operator. Moreover, if {ca} is the standard basis 
corresponding to the monomials, then 

J](|C|e,„e,) <^|||C|e«|| = ^||(:7eJ| <5^5^|(Ce,,e^)| <oo. (46) 

a a a a /9 

Here |C| is the unique positive Hermitian square root of C*C. So C is trace-class. □ 

As C is a Hermitian trace-class operator, we apply the spectral theorem. We write C as 

a sum of rank one matrices as follows. Let be the k-th nonzero eigenvalue. Let = ±1 
be the sign of the A;-th nonzero eigenvalue. We ignore all zero eigenvalues. Let {vk} be an 
orthonormal set of corresponding eigenvectors. Let m G Nq U {oo} be the rank of C, then 
we write 

m 

C = Y,\v,v*. (47) 

The sum converges as the eigenvalues of a trace-class operator are absolutely summable. We 
define holomorphic functions fj{z) — ■\/\\j\v*Z. As Vj e we note that each fj converges 
in the unit poly disc. We see that 

m 

{CZ,Z)=Y,e,\f,{z)\\ (48) 
Suppose that for some m', = ±1, and some Qj holomorphic in the unit poly disc we write 

m' 

{CZ,Z) = Y,e'^\g,{z)\\ (49) 

If m' = oo, then obviously m' > m. If m' is finite then we have written C as a sum of m' 
rank-one operators, and hence m' > m. 

Next we have to show that the rank of the matrix C is unchanged under changes of 
coordinates. We define the rank of r at the origin to be the rank of the matrix C. 

Lemma 5.2. Let A C C" 6e the unit polydisc. Suppose that r{z, z) is a real- analytic function 
whose complexified power series converges in a neighborhood o/ A x A C C" x C"". 

Suppose that (p is a biholomorphic change of coordinates that takes a neighborhood of A to 
a neighborhood of A. Then roip (which also converges on a neighborhood of Ax A C C^xC^j 
has the same rank as r at the origin. 

Proof. Suppose that r is of finite rank k. Then there exist k eigenvectors of C and therefore 
we can write 

k 

r{zrz)^Y.'j\fA^)? (50) 
for ej = ±1 and fj holomorphic functions. Therefore 

k 

{ro^){zrz) = Y.'AfA^{m\ (51) 
i=i 

so rankr o ip < rankr. We are finished by symmetry. □ 
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We can also define the number of positive and negative eigenvalues at a point (the rank 
of the positive or negative definite part). Using exactly the same argument as above we 
can show that the rank, the number of positive and the number of negative eigenvalues are 
constant on connected sets. 

Lemma 5.3. Let U G be a connected open set. Letr: U — )■ M 6e a real- analytic function. 
Let pi,p2 G U and let kj,aj,bj denote the rank, the number of positive, and the number of 
negative eigenvalues respectively at pj. Then ki = k2, ai = a2, and 61 = 62- 

With the aid of the lemmas above we can define the rank of r regardless of where it 
converges. We simply translate and dilate r so that it converges in the unit polydisc and 
then take the rank of the resulting compact operator. 

If the domain U of r is connected, we define the rank of r as the rank at some fixed point 
of U. Similarly define the signature pair to be the pair (a, b) if r has a positive and b negative 
eigenvalues. Of course we allow a and 6 be in No U {00}. 

Lemma 5.4. Let L be an affine complex submanifold of of dimension m that intersects 
the unit polydisc A„ C C" and E: C™ L an embedding such that E takes the closed unit 
polydisc Am C C" to a subset of Ln A„. 

The restriction matrix T^ defined by E = T^Z^ is a Hilbert- Schmidt operator. 

Proof. Note that ||^n||^ = (^n, ^n) is the absolute value squared of the geometric series and 
hence converges in the unit polydisc A„ C C". As E takes the closed unit polydisc C C™' 
to An, we have that o converges absolutely for z G A^, therefore 

\\ZnoEf = (Z„ oE,ZnoE) = {TITlZ^, Zm), (52) 



where Tl is the restriction matrix induced by the embedding E. By Lemma 5.1, T^Tl is 



trace-class and so Tl is a Hilbert-Schmidt operator. □ 

When r{z, z) = {CZ, Z) is positive semi-definite, that is, has no negative eigenvalues, we 
can always write 

r{z,z) = {A*AZ,Z) = \\AZf. 

When everything is scaled appropriately so that C is trace-class, then A is Hilbert-Schmidt. 

We now prove the real-analytic version of the main theorem on rank of Hermitian forms 
for positive semi-definite forms. The proof reduces to the algebraic version. However, note 
that a key point here is that the rank of r is not required to be finite. As before a generic 
subset C C Gm,n is a subset not contained in any proper complex algebraic subvariety of 
Gm,ni that is, no nontrivial polynomial vanishes on C. 

Lemma 5.5. Let r{z, z) be a positive semi-definite real-analytic function whose complexified 
power series converges in a neighborhood 0/ A x A C C" x C". Let 1 < m < n — 1, and let 
C C Gm,n be a generic subset such that all the corresponding manifolds intersect A. Further 
suppose that 

sup rankr|i < 00. (53) 
Then rank r is finite and moreover there exists a function Km,n : No — )■ No such that 

rankr < Km,n ^max rankr|i^ . (54) 
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Proof. For an affine manifold L that passes through the unit polydisc, we can find an em- 
bedding E: C"^ — )■ H such that E takes the closed unit polydisc C C™' to a subset of 



H n A„. The induced restriction matrix is a Hilbert-Schmidt operator by Lemma 5.4 

As before, we assume that L is a graph over the first m variables and we assume that it 
contains a point of the set {z : Zi = Z2 = ■■■ = Zm = 0,\zj\ < 1 ioi j = m + 1, ... , n}. So 
assume that C only contains such L. As in the proof of Theorem L2 we identify C with a 
subset V C Mn-m,m+i- FoT such L we can simply take a dilation of the first m variables 
to obtain an embedding E that maps the closed unit polydisc Am into A„, to ensure that 
Tl is a Hilbert-Schmidt operator. Without loss of generality, we can also assume that the 
dilation is the same for all L E C. Therefore we can again assume that entries of Tl depend 
holomorphically on the entries of G V. 
Let a = ma.XL(zc rankrl^. Write 

r{z,z) = {A*AZ,Z). (55) 

Thus for L E C we have 

rank ATl < a. (56) 
As for the finite case, this condition is defined by the vanishing of polynomials in the entries 



of ATl, these depend holomorphically on the entries of V. Thus (56) is true for all affine 
manifolds of dimension m that intersect A. 

Unless m = n — 1 we again write = TsTh for a hyperplane H in S, where S is an affine 
manifold of dimension m + 1. Hence if we prove the result of the theorem for hyperplanes, 
the general case follows by induction as before. 

Therefore assume that 

rank r\H < «. (57) 

for all hyperplanes H that intersect A. Then we have that TankATn < a for all such 
hyperplanes H. 

Let us suppose that H = Hs is the hyperplane given by the vector c as before. We take 
Th and look at the submatrix of rows and columns corresponding to monomials of degree d 
or less, for some integer d. Then we see that 

ITL^ *" 
* 



■H 



(58) 



where TL'^ = T^D, where is given by Definition 2.4 and D is an invertible diagonal matrix 
(coming from the dilation used above). 

Let us first suppose that A is of finite rank A^. We can therefore assume that A is a A^ x oo 
matrix. We have that rank ATh < a for all H. Write A = [A' A"], then 



ATh = [J^T'f *]. (59) 

Therefore, rankA'T^*^ = lawkA'Ti < a for all c. As A is of finite rank then for some large 
d, A' contains enough columns such that rank A' = A^. 

We have therefore reduced the proof of the analytic case to the same matrix Ti and to 



finish the proof for A of finite rank A^, it is enough to apply Lemma 3.5 That is, the rank 
of A and therefore r are bounded by Kn{a). 

Now let us drop the assumption that the rank of A is finite. Let A^y be an infinite by 
infinite matrix consisting of the first ly rows of A followed by all zero rows. Obviously Ajy is 
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of finite rank. We have that 

Tank A^yTfj < lank ATh < a. (60) 

It follows that rankAj, < Kn{a) for all i'. 

From the proof of Lemma 5.1 we note that the entries of A* A are absolutely summable 
and hence the entries of A are square summable. Therefore A^, converges to A in the Hilbert- 
Schmidt norm. Then as the rank of A^, is uniformly bounded by Kn{a), we obtain 

rankA < (61) 

To see this fact, simply pick a finite orthonormal set {Awj} in the range of A and then notice 
that A^Wj must converge to Awj as z/ — )■ cxd. Thus for large enough z/, the set {A^Wj} must 
be linearly independent (and hence of cardinality less than Kn{(y)). □ 

Example 5.6. Let us show that positivity of r is necessary. First note that the set C of 
affine complex manifolds of dimension 1 that lie in 

Q(2, 1) = e : \z^f + \z2f - \zsf = 1} (62) 

forms a generic set in Gi^s. See Section |6] for a proof of this fact. Let 

r{z,z) = {\z,f + \z2f-\zs\y. (63) 

Then for 2 G Q(2, 1) 

r{z,z) = {\zif + \z2f-\zs\Y = ^- (64) 
Therefore the rank of r|i for L G £ is always 1. However the rank of r is (^^'^)- 

By adding a function of infinite rank to r that vanishes on Q{2, 1) we can obtain an 
example of r with rank of r|j;^ bounded but rank of r infinite. 

We can now prove Theorem |1.1[ That is, we can drop positivity of r if we assume that the 



rank is bounded on all hyperplanes. The proof is very similar to the proof of Lemma 4.1 



Proof of Theorem Suppose r is a nonzero Hermitian form. We can assume that r con- 
verges in a neighbourhood of the closed unit polydisc as above. Write r{z,z) = {CZn,Zn). 
It is again enough to prove the theorem for hyperplanes. Restricting r to a hyperplane H 
that intersects the closed unit polydisc, we have 

r\H{z,z) = {T^CTHZn-l,Zn-l). (65) 

Let k = maxj:^ rankr|j^ = max rank T^CT/^ where H ranges over all complex hyperplanes. 
As before, the set of hyperplanes is open and dense in the set of all hyperplanes, so 

k = max rankrln, = max rank {TiyCTi > rankc[5i,...,c-„,ci,...,c„] (T^YCTi. (66) 

Again we polarize and apply the semi-definite result twice. 

Let D = CTi, m = rank^C, and let ki = rankc[c^^,..,c„] -D. Note that we still allow the 
ranks to be infinite. Applying the bound (61) from the proof of Lemma 5.5 we obtain 

m < K^{k{) (67) 

For a generic choice of Ci, . . . , c„, we have 

ki = rankc D = rank^ D* . (68) 

Likewise, polarizing and taking generic choices of Ci, . . . , c„, we have 

rankc[Ei,...,c„,ci,...,c„] (T^)*CT^ = rankc[ci,...,c„] D*Ts (69) 
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Again applying the bound (61) we get 

h < Kn{k). (70) 

Now we note that as k is finite, then ki is finite and hence m < Kn[Kn{k)y Thus defining 
Rn{k) as in the proof of Lemma 4.1 completes the proof. □ 

6. CR MAPPINGS OF HYPERQUADRICS 



In this section we apply Theorem 1A_ on bounding the rank of Hermitian forms by the rank 
of restrictions to prove Theorem L3 on rigidity of CR mappings between hyperquadrics. 

First let us note how to construct mappings from a real-analytic function r{z, z) vanishing 
on the hyperquadric. 

Proposition 6.1. Let p & Q{a, b) be a point and let O C C""*"^ be a connected open set with 
p & Q. Let r: Q ^ be nonzero real-analytic function of finite rank with A positive and B 
negative eigenvalues such that r vanishes on Q{a,b) (IQ. 

Then there exists a point q arbitrarily close to p and a neighbourhood U C Q{a^ b) of q, 
and a real-analytic CR mapping F : U ^ Q{A,B — 1) whose image is not contained in a 
hyperplane. 

Proof. Write 

A B 

r(^,z) = 5^|/,(z)|^-5^|^7,(^)|\ (71) 

with fj and gj linearly independent. The mapping 

z ^ f AM /^(^) 9i{z) gB~i{z) \ 
^QBiz)'" ' gB{z)' gsiz)'" ' gB^z) ) 

is a meromorphic mapping taking Q{a,b) to Q{A,B — 1). If gsip) 7^ we are finished. 
Otherwise note that the set {gs = 0} fl Q{a, b) is nowhere dense in Q{a, b) and hence there 
is a point q G Q{a,b) arbitrarily close where gB{<l) 7^ and a holomorphic mapping defined 
near q taking Q{a, b) to Q{A, B — 1). □ 

Therefore if r vanishes on Q{a, b) and has signature pair (A, B) then r induces a mapping 
from Q(a,6) to Q{A,B- 1). 

Let us prove a lemma about signature pairs of functions vanishing on Q{a, b) before proving 
Theorem II. 31 

Lemma 6.2. Let a > 2, b > 1, and a > b. Let Q C C'*'^'' be a connected open set such that 
Q n Q{a, b) is nonempty. Let r : — )■ M &e a real-analytic function vanishing on f2 fl Q(a, b) 
with signature pair [A^B). Then if B < 00 we have 

A<M{a,b,B), (73) 

where M = M{a,b,B) is a constant depending only a, b, and B. 

Proof. Write 

A B 

r{z, z) = J2 \mf - E I^^'-WI' = II/WII' - \\9{z)f , (74) 
j=i i=i 

such that the components of / and g are linearly independent. Let us suppose that B is 
finite, but for now we allow / to map into an infinite dimensional Hilbert space. 
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After an affine change of coordinates we can assume that we are working in a neighborhood 
of the origin and that / and g converge in a neighborhood of a closed unit polydisc A. Let 
Q{a, h) and correspond to Q{a, h) and f2 after this hnear change of coordinates. 

Let Z be the infinite vector of all monomials in z. We can then find an A x oo matrix F 
such that f{z) = FZ. Similarly we have a i? x oo matrix G such th at g{ z) = GZ. We know 
that converges in the closed unit polydisc, and so by Lemma defines a Hilbert- 

Schmidt operator {F*F is trace-class) on Similarly G also defines a Hilbert-Schmidt 
operator. 

For z E Q{a,b) n fl we have 

\\FZf-\\GZf=\\fiz)f-\\giz)f = 0. (75) 
As / and g are linearly independent we have 

lankF = A and rankG' = i?. (76) 
Let L be an affine complex submanifold of Q{a, b). Taking the right embedding of L and 



applying Lemma 5^, we find that the restriction matrix Tl is a Hilbert-Schmidt operator. 
Restricted to L we have that 

\\FZf = \\GZf. (77) 

Thus have that TlF*FTl = TlG*GTl. In other words, rank of GTl is equal to the rank of 
FT^. The rank of GT^ is at most B + 1. That means that the rank of FT^ is at most 5 + 1 
for all L that lie in Q{a, b). 

Let {z',z") G X C'' be coordinates such that Q{a,b) is defined by — = 1. 

We assume that a > b. The defining function for L that lie in Q{a, b) is 



z' = V 



z" 



where V G Ma,fe+i (an ax (6+1) matrix) has orthonormal rows. Let us denote by Ly the 
affine manifold defined by such a V. 

We claim that the set V C Ma^b+i — C"^*"*"^-* of matrices with orthonormal columns is not 
contained in any proper complex algebraic subvariety of C"^''"'"^''. Suppose that there was 
a polynomial p in a{b + 1) variables that vanishes on V. If we multiply the k-th column 
by e'^* we note that p still has to vanish. By the uniqueness theorem for Fourier series we 
note that there has to be a polynomial that is independently homogeneous in entries of the 
fc-th column (for all columns). That is, we can multiply each column independently by any 
complex number and still stay in the zero locus of p. The claim follows by working on each 
column independently now. 

The claim shows that the set C of affine manifolds L corresponding to \^ G V is a generic 
set in Gm,n- If "we let C C Gm,n correspond to the set of affine manifolds that lie in Q{a, b). 
We see that £ must be generic as well. 



We have all the ingredients to apply Lemma 5.5 to obtain that 

A = mnkF <Kf,,a+b{B). (79) 

□ 



Let us restate Theorem 1.3 for reader convenience before proving it. 
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Theorem. Let a > b > 1, U G Q{a,b) be a connected open set, and f : U ^ Q{A, B) be a 
real-analytic CR mapping such that f{U) does not lie in a complex hyperplane then 

A<N{a,b,B), (80) 

where N = N{a, b, B) is a constant depending only a, b, and B. 

Proof. Let ip = {f,g) denote a real-analytic CR mapping of t/ C Q{a,b) to Q{A,B), where 
f : U and g: U ^ . Plugging into the defining equation of the target hyperquadric 

we obtain that for z G t/ 

\\f{z)f-\\g{z)f -1 = 0. (81) 

Real-analytic CR mappings extend to holomorphic mappings on a neighborhood of U. 
Therefore we can assume that / and g are holomorphic in a neighborhood of U. We let 
r{z,z) = \mz)f-\\g{z)f-l. 

The condition that (p{U) does not lie in a complex hyperplane is simply stating that 
components of the mapping {f,g,l) are linearly independent. In particular we see that r 
has rank A + B + 1, and signature pair [A, B + 1). 



We can now apply Lemma [6. 2| to r to obtain 

A<K,^a+biB + l). (82) 

□ 

7. Spheres and hyperquadrics in Hilbert space 



Forstneric 11 has shown that there exist strictly pseudoconvex real- analytic compact 



hypersurfaces that cannot be embedded into a sphere of any finite dimension. On the 



other hand, Lempert 15 has shown that a mapping exists if one takes the sphere in the 
infinite dimensional Hilbert space Let us make the following natural definitions to extend 
hyperquadrics to 



Q{oo,b):=[zef:-J2\^jf+ E l^^f = l}' (83) 

j=i j=b+i 

oo 

Q(oo, oo) := [zef: Y,i\^^^-^\^ " 1-22,1') = l}- (84) 

i=i 

We write 5°° = Q(oo, 0) for the unit sphere in 

By a real-analytic CR mapping from a CR manifold M to Q{oo, b) we mean a holomorphic 
mapping to £^ defined on a neighborhood of M taking M to Q{oo, b). 

We can use the ideas from the previous section to construct mappings. For example, 
consider the Hermitian form 

r{z,z) = 1. (85) 

The function r vanishes precisely on the unit sphere in C^. In fact e'""!' -i jg i 
unit sphere and is positive semi-definite. Hence r has signature pair (oo, 1); that is, r has 
infinitely positive eigenvalues and exactly one negative eigenvalue corresponding to the — 1. 
Therefore the form induces a real-analytic CR mapping 

f-.S^^S"^. (86) 
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e - 1 



e- 1 



Zl 



+ 



+ 



Z2 



2(e-l) 

2 

+ 



6 e - 1 



^7) 



zl 


2 

+ 


Z1Z2 


2 

+ 




V2(e - 1) 




V2(e - 1) 




V2(e - 1) 



+ 



Therefore 

,Z2,Zi, Z2) 



Zl 



Z2 



Z\Z2 



v/^^' v/^^' V2(e-1)' V2(e-1)' ^[W^) 



Z\Z2 



Z\z\ 



.JW^S 

Note that the image is not contained in a hyperplane; this fact can even be seen directly by 
uniqueness of power series. 
By taking 

T2{z,z) = r{z,z) + \(f{z)f r{z,z) (89) 

for an arbitrary holomorphic function (f{z), we obtain a new form with signature pair (00, 2), 
and therefore a CR mapping / : S"^ — ?■ Q{oo, 1), whose image is not contained in a hyperplane. 
In fact, by repeating the procedure we construct mappings 

f:S^^Q{oo,b) (90) 

for any finite b. Finally, by considering the form r = sin(|(|zi|^ + |z2|^)) we obtain a mapping 
from to Q{oo,oo). 

As in the finite dimensional case, the situation changes when the source is a hyperquadric 



not equivalent to a sphere. If we now apply Lemma |6.2[ we notice the following immediate 
consequence. 

Corollary 7.1. Let a > 2, b > 1. Let U C Q{a,b) be a connected open set and f:U^ 
Q{oo,B), where B E Nq U {00}, be a real-analytic CR mapping such that f{U) is not 
contained in any complex hyperplane of i"^. Then B = 00. 

Therefore, there is no mapping from Q{a, b) for finite a and b into a Q(oo, B) for finite B. 
This rigidity result does not generalize to other hypersurfaces with indefinite nondegenerate 
Levi-form. In this case we can in fact construct mappings to Q(oo, B) for finite B. 

For example, define r as 

r{z,z) = el^^+^l'+l^^l' - e- l^al'. (91) 

By expanding the series we see that the signature pair of r is (00, 2). Furthermore, we look 
at the series up to the quadratic terms 

r[z,z) = 2eRe2;i + \z2f — {z^f + higher order terms. (92) 

We see that the Levi form of M = {r = 0} at the origin is indefinite; that is, it has one 
positive and one negative eigenvalue. As the signature pair is {00, 2) we obtain a real-analytic 
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CR mapping 

/:M^Q(oo, 1) (93) 
whose image is not contained in a hyperplane. Similarly we can easily obtain a submanifold 
with b negative eigenvalues and arbitrary number of positive eigenvalues in the Levi-form that 
admits a real-analytic CR mapping to Q{oo, b) whose image is not contained in a hyperplane. 

The same construction can be used in the finite dimensional case. By truncating the series 
expansion of r, we obtain a polynomial r' and a manifold M' = {r' = 0} with an indefinite 
Levi-form at 0, and such that r' has signature pair [A, 2) for an arbitrarily high finite A. So 
we obtain a mapping from M' to Q{A, 1) whose image is not contained in a hyperplane. 

8. Construction of mappings 

Let us give some explicit examples in nonhomogeneous coordinates before we give a general 
method for constructing mappings. 

Example 8.1. Let {z,w) G C° x C^. We tensor with the identity (which we write as {z,w)) 
on the Wb variable. That is, we construct the mapping 

{z,w) h-^ {z,wi, . . .,Wb-i,Wb ® {z,w)). (94) 

We reorder the components to obtain a mapping taking Q{a, b) to Q(2a, 2b — 1). That is, 

{Z, W) [z, WbZi, WbZ2, . . . , WbZa, Wi,W2,..., Wb-l,WbWi, WbW2, . . . ,wl). (95) 

Therefore the super-rigidity result of Baouendi, Ebenfelt, and Huang fsj is sharp. In the 
same language as in the introduction we have that A = 2a and B = 2b — 1. On the other 
hand, by Theorem 1.3 we are not able to make A arbitrarily large while keeping B = 2b—1. 

Example 8.2. We could repeat the procedure of the first example any number of times. 
We take a mapping (p: Q{a, b) — )■ Q{A, B) and construct 

[ipi,...,ipA+B-l,^A+B®{z,w)). (96) 

Again we reorder the components to obtain 

[ipi{z,w), . . . ,ipA{z,w),ZiLpA+B{z,w), . . . ,ZaipA+B{z,w), 

ipA+liz,w), . . . ,ipA+B~liz,w),WiLpA+Biz,w), . . . , WfcV^A+B (^, w)) (97) 

taking Q{a, b) to Q{A + a,B + b -1). 

For the constructions, it is easier to work in homogeneous coordinates. We define the 
homogeneous hyperquadric 

a a+b 

HQ{a,b) := ^^z eC^+^ - \^jf = ^]- (98) 

j=l i=a+l 

The set HQ{a,b) defines a real hypersurface in the projective space CP''+''-^ By setting 
Za+b = 1 we obtain Q{a,b — 1) in C""*"*"^. The homogeneous setting is more symmetric, 
although one has to be careful when converting back to the nonhomogeneous situation. 

Suppose that r{z,z) is a bihomogeneous polynomial and vanishes on HQ{a,b). If r has 
signature pair {A, B) (that is A positive and B negative eigenvalues), then we find homoge- 
neous polynomials / : C"^'' — )■ C"^ and g : C"^^ — > with linearly independent components 
such that 

r{zrz) = \\f{z)\\'-Uz)\\'- (99) 
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therefore the mapping z i-> takes HQ(a,b) to HQ(A,B). By dividing by gs 

and setting Za+b = 1 we obtain a rational CR mapping F: Q{a, 6 — 1) — )• Q{A, B — 1). If the 
components of (/, g) are hnearly independent then the image of F does not he in a complex 
hyperplane. 

Therefore when constructing examples we will consider homogenous polynomial mappings 
from HQ{a,b) to HQ{A,B) with linearly independent components. 

9. Stability 

We wish to show that as long as the number of positive and negative eigenvalues of 
the target hyperquadric grow in a comparable way, then nontrivial hyperquadric mappings 
always exist. We have the following stability result. We make the normalization a > b for 
HQ{a,b). 

Theorem 9.1. Fix integers a > b > 2. There exists an M (M = + ab — 2a + 1 suffices) 
such that when A + B > M , where A,B>2 and 

B-b+l b-1 , A-b+1 6-1 , , 

> and > , 100 

A ~ a B ~ a ^ ^ 

then there exists a homogeneous polynomial mapping F : HQ{a, b) — )■ HQ{A, B) with linearly 

independent components. That is, there exists a rational CR mapping F: Q{a,b — 1) — )■ 

Q{A,B — 1) whose image is not contained in a complex hyperplane. 

We note that in [7j it is proved that when the source is a sphere (that is, HQ{a, 1)) then 
such a rational mapping always exists for large A + B provided only that A,B>1. In the 
hyperquadric case, this sort of stability result holds in a sector, where the size of the sector 
depends on a and b. There may exist mappings outside of the sector given above; however. 



by Theorem |1.1| it is clear that any sector in which existence holds must make an acute angle. 

The signature pairs of mappings that are constructed in the proof along with the inequal- 
ities are illustrated in Figure [T] 

Proof. Suppose that we can find a homogeneous polynomial p{x) in the variables xi, . . . , Xa+b 
with A positive and B negative coefficients such that p{x) = when xi + ■ ■ ■ + Xa — Xa+i — 
■ ■ ■ — Xa+b = 0. We call such polynomials admissible for {A, B). We define 

S:=Xi^ VXa-Xa+l Xa+b- (101) 

If p is admissible for {A^B) then we let Xk = \zk\^ in p. We obtain a Hermitian symmetric 
polynomial 

r{z,z)=p{x). (102) 

As distinct monomials are linearly independent, the rank of r is equal to the number of 
distinct monomials of p, that is A + B and the signature pair is {A,B). As r vanishes on 
s = 0, we have that r induces a CR mapping of HQ{a, b) to HQ{A, B) such that the image 
is not contained in a complex hyperplane. 

We therefore work with admissible polynomials p as above. We fix a and b and we work 
in the plane Nq and simply say {A, 5) G -E C Nq whenever an admissible p exists for those 
{A, B) (a mapping to HQ{A, B) exists). 

We note that (a, b) & E and (6, a) & E. If p is admissible for {A, B) of degree m then 
p = x\~"^p + X2~^s vanishes when s vanishes. If we pick k large enough then the monomials 
of Xi~"^p and X2~^s are distinct and p is admissible for {A + a, B + b). By using —s instead 
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Figure 1 . Diagram of mappings constructed in the proof of Theorem |9.1 for 
the source hyperquadric HQ {4, 2). The lattice represents the positive quadrant 
of the {A, B) plane. A black dot represents that a mapping to HQ{A, B) exists 
by applying the theorem. A black square represents that a mapping was also 
constructed in the proof. A circle represents a position in the lattice for which 
the theorem tells us nothing. The three lines represent the limits of the stability 
region from the theorem. The dashed squares represent one succession of the 
"squares" constructed in the proof. 



of s we build an admissible polynomial for {A + h^B + a). Therefore for any n, A; G No we 
have that 



(a, h) + ra(a, h) + k{h, a) E E and (6, a) + n{a, b) + k{b, a) G E. 



(103) 



Therefore we get a lattice of admissible points. We claim that for each point {b, a) + 
n{a,b) + k{b,a) we also obtain that the "square" 



{(6, a) + n{a, b) + A;(6, a) — (j, m) : < j, m < n + A;} 



(104) 



is a subset of E. Once we have the claim, it is a simple matter of noticing that the squares 
must overlap for large enough n + k. The inequalities from the theorem follow. See Figure [T] 
for illustration of the proof. 

To prove the claim, we need to show that if {A, B) is admissible, then the points 

iA,B) + ia,b), (A 5) + (a, 6-1), 

(105) 



{A,B) + {a-l,b), {A,B) + {a-l,b-l), 



and 



(106) 



{A,B) + {b,a), {A,B) + {b,a-l), 
(A,E) + (6- l,a), {A,B) + {b~l,a-l). 
are also admissible. 

The first point we have already seen belongs to E. Now take p that is admissible for 
{A,B). By dividing through by Xa+b we can suppose that p contains a monomial m that 
does not depend on Xa+b- Furthermore we can assume that m has a positive coefficient, since 
if no such monomial existed, setting Xa+b = would obtain a contradiction. 
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Write p = m + q and construct 

p = m{s + Xa+b) + Xa+bQ- (107) 

Where we note that s + Xa+b = xi + . . . —Xa+h-i- The polynomial p vanishes when s vanishes. 
As the coefficient of m is positive then p is admissible for have (A, 5) + (a — 1, 6 — 1). 
Similarly we can construct 

. m{s + Xa+b) . Xa+bm 

p = ^ + — + Xa+bq- (108) 

The polynomial p vanishes when s vanishes. As the coefficient of m is positive then p is 
admissible for have [A, B) + (a, 6 — 1). 

All the other points in the claim follow by variations on the above construction. □ 
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